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1. Lights and cards

Exercise 1.1 (Lights on). (10 points)

You are left in a large round hall. In it you discover a circle of lamps. At the
wall below each lamp is a switch. Yet, you discover that each switch changes
the on/off-status of the lamp and its left and right neighbor. Unattainable for
you in the middle of the room is a mechanism that can open the only exit. Yet,
it opens only if exactly all lights are on. (Maybe there’s a cord that is hit by
focussed light beams from the lamps, but it’ll burn only.. .)

(i) Your particular room has 4 lamps, and the first and second are lit.

(ii) Your room has 6 lamps, and the first and third are lit.

(iii) Develop and describe a general procedure to escape.

Exercise 1.2 (Cards dealt). (10 points)

Consider a simple game: n players are sitting in a round. Player ¢ has v; cards.
She may give 2k cards away, half to the left and half to the right. The team
wins when finally all players have a multiple of m cards.

The problem corresponds to distributing the load of a large bunch of given jobs
to n computing centers, where each single machines can run m jobs. However,
since sending data is expensive data can only be transferred to a neighboring
center. To avoid conflicts between the neighbors, both neighbors shall get the
same amount of additional jobs. Since starting a machine for less than m jobs
is much more expensive than giving that to neighboring centers, the aim is to
have a multiple of m jobs.

(i) Sayn=3,m=4,andvi =2, v0=3,v4 =T.
(i) Sayn =3, m=5,and vy =2, v =3, v4 =T.

(iii) Sayn =4, m="T,and v; =2, vy =5, v3 =11, v4 = 3.
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Consider a streaming application over
the bufferless network in Figure 2.1. We
want to transmit a movie through the
network from b-it to you. The num-

bers

MBit/sec may be transported over that
connection. In order to do that the film
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2. A network problem

at the edges indicate how many

Figure 2.1: Network

is split into small packets. Note that a
larger bandwidth can also be used to lower the average time for transmitting
a packet over it. There are two important aspects:

V)

(E)

The data sent out from a node must always be equal (and not less) to the
data received. Otherwise, data would pile up at a node. For example,
fo-itblue = foluered + folue,your Where fz ., denotes the flow from node x
to node y, that is, the number of packets transmitted. (Note that there is
a flow f ‘into” the node b-it and a corresponding flow f out of the node

you.)

The time a specific packet needs must be almost constant regardless of its
path through the network. Otherwise, the recipient machine would have
too much work in reassembling the packets in the original order. (We
assume that a little buffer space is available to smooth over variations in
the network.) For example, tp.it blue + tblue,you = totaltime, where ¢, ,, is
the time needed to transmit one packet from x to y. The total time must
be the same for all connections.

This is very similar to an electronic current.

Asa

Exercise 2.1. (10 points)

(i) Setup a system of linear equations
describing the entire system.

(ii) Solve it and read off the flows.

Figure 2.2: Relative flows (iii) Determine the complete flow f.

control of your results the resulting relative flows are given by Figure 2.2.
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3. Probabilities

Exercise 3.1 (Randomness helps). (12+4 points)

Give examples where randomness

(i) decides about win or loose.
(ii) helps simulating difficult reality.
(iii) helps solving difficult finite problems.
(iv) models errors.
(v) makes decisions.

(vi) hides secrets.

1 E R E E

(vii) Does something else which is interesting.

Exercise 3.2 (Conference breakfast). (5 points)

You are at a probability theory conference. 60% of the participants are British.
75% of the British eat ham at breakfast, yet only 25% of the others. This morn-
ing your table neighbour eats ham. What is the probability that she is British?

Exercise 3.3 (Monty Hall Problem). (8 points)

We are guests in a game show and close to win a great fortune. The quiz
master asks us to choose one of three (closed) doors. She explains that behind
one of them awaits you a million Euros. Once you fixed your choice the quiz
mastress opens one of the other doors and shows you that this was only a goat.
She gives you a final chance: you may either retain your door or switch to the
remaining closed one.

(i) Say door 3 is opened. Calculate the conditional probability that your
door is the winning one given that the door 3 is a fail, and its comple-
ment.
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(ii) Calculate the unconditional probability that your door is the winning

one, and its complement.

What do you do? Reason!

Exercise 3.4 (Prisoner’s dilemma). (10 points)

A hundred prisoners are given a great opportunity. Some of them may make
a day trip to the nearby theatre. Each of them can make one of two choices:
either choose to join the trip or not to join the trip. All who want can see the
piece, yet only unless all of them choose to go.

The prisoners cannot communicate with each other, all are equally selfish, and
follow the same strategy. Strategy 0 is to choose not to go. Then nobody goes.
Strategy 1 is to choose to go. Then nobody goes.

(i) Find a strategy that allows some of them to go.

(ii) Optimize the strategy so that the expected number of prisoners to see the
show is larger than 94.5.

Exercise 3.5 (Random exit). (8 points)
You are trapped again in a locked room. Once every hour you have the chance
to open the door. This succeeds with a certain probability p.

(i) What is the chance that you can leave the room after

(a) exactly one hour?
(b) exactly two hours?
(c) exactly three hours?

(d) exactly four hours?
(ii) What is the expected number of hours that you have to stay

(a) ...by definition? [Give a formula.]
(b) ...by value? [Calculate!]
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