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Winter term 2009/10

MICHAEL NUSKEN
October 27, 2009

1. Introduction
We consider elliptic curves from three different sides:
o Mathematics view: defines and analyzes their structure and properties.
o Computer science view: asks for efficient implementation of operations and properties.

o Cryptography view: requires some things to be intractable.

-1t is an interplay between the three areas and we will have to consider them all again and
again.
As our main interest is cryptography, let’s start here with two examples.
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THEOREM 2.27 (Weil pairing). 'Let E be an elliptic curve defined over a field k and let n be
a positive integer coprime to the characteristic of k. Then a Weil pairing

en: En] X E[n] — pn
satisfying the following properties exists.

(i) 'en is bilinear, that is, for all S, 51,5, T,T,,T, € E[n]

en(Sl e 52>T) = en(SlaT) s en(SQ,T)v
en(S, T+ Tz) = en(S, Tl) . en(S, Tg)

!u’ ; en is non-degenerate, that is, for all T € E[n]

VS € Eln: ex(8,T) =1 == T =0,
VS € Eln]: en(T,8) =1 = T = 0.

11) 'e,, is antisymmetric, that is, for all T

(T, T) =1

In particular, e, (T, S) = ex(S,T)~!

2
!iv! en is compatible with the Galois actions, that is, for every automorphism o of k fixing

k (in particular, for a curve in Weierstra form this means that o(a) = a and o(b) = b)
we have

en(0S,0T) = a(en(S,T)).
!v; For every endomorphlsm a of E we have

en(a(S),(T)) = en (S, T)d8,
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